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1. I~VTR~UUCTI~N 
Great interest has recently been aroused in the study of certain nonlinear 
wave equations that possess travelling wave solutions. In particular the 
Korteweg deVries equation 
possesses solutions called so&tons given by 
where, 
u(x, t) = s(x - ct), (1.4 
s(x) = 3c sech*(c1/2/2) X. 
This wave is seen to travel to the right with velocity c. 
(1.3) 
It is a remarkable property of solutions of the KdV equation that no matter 
what sort of waveform is given initially one finds that most of the detailed 
structure of the initial configuration disperses. Only a set of solitons remain 
for large t. The solitons then proceed to sort themselves out according to 
speed, the faster solitons overtaking the slower ones in a manner that leaves 
each unchanged in form or speed, somewhat analogously to particles [l]. 
The question arises as to whether this particle analogy has a deeper signifi- 
cance. Indeed the behavior of a continuous system governed by the partial 
differential equation (1.1) in a sense becomes, after large time, analogous to 
the behavior of a discrete system. Further, one may well ask if this analogy 
cannot be pushed further and the study of this important subset of solutions 
to the equation be approached from the point of view of particle dynamics. 
This is indeed the case. The motion of certain particles is discussed making 
use of a known exact solution for the soliton interaction, and the equivalence 
of the two dynamical systems, the one continuous the other discrete are 
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shown. Because of the equivalence, one must not expect either viewpoint to 
logically contribute anything new about solitons that cannot be obtained from 
the other. However, it is our feeling that the two points of view complement 
each other in a way that is both interesting and instructive. Further, the 
methods of this analysis, although presented for the Korteweg-deVries 
equation only, could be generalized to the N-soliton problem [2] as well. 
The equivalent system of particles may now be introduced by the following 
considerations: 
Consider first, in the complex plane, z = x + iy, a line of simple poles, all 
of the same strength, perpendicular to the real axis with each pole located at 
the points a, = x + ct + i,” , yy = (r/2 + vrr)/c1i2/2, v = &l, f2 ,.... This 
line of singularities, as defined, is moving to the right with velocity c. In the 
flow of a perfect fluid in two dimensions (or for certain analogous problems in 
electrostatics) such simple poles, 14’ = (z - a)-I, form a complex potential 
for the velocity (or electrostatic intensity) due to a doublet or dipole. 
Now for the line of dipoles cited above the velocity induced at any point z 
in the plane is (dW/dz)* where the velocity potential ?V is taken to be 
(l-4) 
If one then evaluates lim,,,,~(dW/d.)*, omitting from the sum the term where 
v = h, (i.e., the selffield of the hth doublet) one thus finds that each is driven 
to the right by all the others with velocity c. But it should be observed that 
(up to an additive constant) Eq. (1.4) is precisely the meromorphic representa- 
tion for 6c1j2 tanh((c1/2/2) x). Hence &‘/da = 3c sech2(c1/2x/2). But this 
function, evaluated on the real axis, .is seen to be s(x) as given in (1.3). There- 
fore a single soliton can be viewed in the complex plane as a line of moving 
dipoles in a perfect fluid driven by their mutually induced velocities. This 
concept was suggested by Kruskal and appears in [3]. 
2. DYNAMICS OF SYSTEMS OF DIPOLES 
At this point, it is desirable to expand the argument given in the intro- 
duction (which shows that the motion of a single soliton is equivalent to a 
line of dipoles moving parallel to the x-axis) to see if some such result holds 
for more than one soliton. The study of the motion of singularities, in 
particular vortices, in a perfect fluid viewed as a dynamical system was 
initiated by Kelvin and is discussed in a number of standard texts (see e.g., 
Lamb [4] and Milne-Thompson [SJ). Th e motion of dipoles as “particles” 
presents a difficulty not encountered in the motion of vortices in a perfect 
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fluid in that each dipole has a moment as well as a strength. In what follows 
consider a system of dipoles whose moments are constants of the motion; 
indeed assume an orientation of the doublet structure perpendicular to the 
real axis at all time so that the moment, pL, can be taken as real. The velocity 
potential at any point z due to a system of such dipoles located at positions z, 
is then given by 
The notation here anticipates the identification of this function with the v(a) 
given below in (3.7). From this expression, one may form an expression 
depending upon the positions alone from which the Hamiltonian for the 
system may be obtained. Set 
(2.2) 
where the sum on r is over all the dipoles in the system. As W is complex let 
TV = G + iH. Then the conjugate of the velocity, u, , namely u,.*, of the 
rth dipole from (2.1) given by 
is seen to be obtainable from (2.2) by using 
(2.3) 
From this relation, one sees on separating real and imaginary parts that 
where dx,/dt, dy,/dt are the real and imaginary components (resp.) of u, . But 
from dH/dt = Z,(aH/iYx, d.r,/dt + aHlay,. dy,/dt) it follows that (using 2.4) 
dH/dt = 0 so that H is a constant of the motion and indeed setting t.~y’x, = qr , 
~1:‘~ y,. = p,. the equation (2.4) can be written in canonical form with H as 
Hamiltonian: 
4, aH dp, aH 
dt = ap, ’ -. dt - - aq7 
Thus such a system of dipoles as is under considerations constitutes a 
dynamical system. 
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3. EXACT SOLUTION OF SOLITON INTERACTIONS 
Consider next the interaction of two or more solitons. This problem has 
been treated by Lax [6] who has shown the nature of the wave interaction as 
the faster of two waves overtakes the slower one. More recently an exact 
solution for the problem of multiple soliton interactions has been obtained 
using the method due to Gardner et al. [7]. Their method leads to a specific 
formula first given to our knowledge by Hirota, see Segur [8]. This solution 
to (1.1) applied specifically to two solitons is exhibited here 
f ,  = eskj(s-+j-rk,“t). 
> 9 
.;= 1,2. 
(3.2) 
~1 = 12&JogF)/h + const., 
u = avpx. (3.4) 
One easily verifies for a single soliton (by setting fi = 0) that U(X, t) here 
is the same as that given by (1.2) and (1.3). Further, regarding x as complex, it 
may be noted that simple zeroes of F in (3.2) correspond to simple poles of v 
in (3.3). Indeed sinceF is a sum of exponentials and products of exponentials 
in x for all t it must be an analytic entire function throughout the x-plane. 
Thus, Weierstrass’s factor theorem applies. Namely, 
F(X) = exp(h(x)) * fi [( 1 - :-) exp ;$ + *.* + & ($)“‘-l/]m’y 
v=l Y  * Y  Y  
where (Y, is the order of the zero of x, , the natural numbers K” are chosen to 
insure convergence, and h(x) is an arbitrary entire function. In the case at 
hand, as will be seen shortly, the expression simplifies to 
F(x) = exp(h(x)) * “0 (1 - 5) e”+. 
In the next section, a detailed analysis of the locations of the zeroes x, 
shows (to anticipate slightly) that all the zeroes are simple except for certain 
special values of t at which they are triple (called collisions below). Excepting 
for these values then all the OL, = 1. 
Next for k, and K, commensurable, i.e., so that there exist two integersp, q, 
relatively prime such that k,/k, = p/q it is also shown in Section 4 that the 
complex x-plane is divided into period strips, parallel to the real axis, with a 
finite number, p + q, of zeroes in each strip. The configuration of the prin- 
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cipal zeroes is the same in each strip. Thus if one let p + Q = m and 
v = Xn + p the locations x, of all the roots can be written as 
x, = xp + mXi; p = l,..., m, h = 0, Al, &I2 ,.... 
Hence, all the K, in Weierstrass’s theorem can be taken equal to 2, since the 
series X:=1 (x/x~)~ converges absolutely. Thus 
F(x) = ehQ) fi (1 - $) ex’G* 
V=l Y 
Finally the asymptotic behavior of F(x) as t --f f oo permits the choice of a 
constant for the entire function eh@). 
On differentiation, the factors exixv in the product representation contribute 
at worst an additive constant to v given in (3.3). Hence, up to a constant, the v 
given by (3.3) is the same as that given by (2.1) with all the pS = 12. 
Thus the exact solution to the KdV equation given by (3.1)-(3.4) also 
furnishes an exact solution for the motion of two lines of dipoles initially 
remote from each other. The solution is exact in the sense that it is reduced 
to the purely algebraic problem of locating the zeroes of F for each value of 
the continuous parameter t. The motions are quite remarkable and interesting 
in their own right even apart from the insight they may furnish into the 
interaction of solitons. Actually a number of numerical computations have 
been performed by us for specific cases to locate the zeroes; but a purely 
analytic discussion of the motions is presented here. 
4. ANALYSIS OF THE ZEROES, GENERAL CONSIDERATIONS 
It shall be convenient to rewrite (3.1) and (3.2) in somewhat simpler form, 
without loss of generality, by taking K, = 1 and setting K = K,/k, . Further 
choose the constant xi = 0 to correspond to the faster wave reaching the 
origin at time t = 0, while the slower wave, at t = 0, is at x2 . Then (3.1) 
and (3.2) together for F = 0 become: 
1 + eZkk-4k2t) + e2h',-4t) 
2 
e21c(e-4k2t)+2(z--28-4t) = 0 
Further set z = x - xp - 4t, 7 = -2K[x, - 4(k - 1) t], T = eT, and 
q3=e 2Z. Thus the relation for the zeroes of F becomes 
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This equation is linear in T so one has 
It is understood that one seeks the position of all complex roots of this 
equation of degree k + 1 in q for each value of the parameter T as T varies 
through all positive real values. 
First it should be remarked that the mapping from (x, t) to (v, T) is many 
to one, and for rational k the s-plane is divided into period strips within 
which the motions are identical. Thus for example for k = 2, Eq. (4.1) is 
cubic and the motion of only three roots need be followed. The asymptotic 
behavior as T + 0 corresponds to t 4 -W for which either c$’ + 0 or 
9 -+ --b. Thus for rational k = p/q, one has in each period strip (defined 
by -27~ < 3’ < 27~) two sets of roots; namely p roots (corresponding to 
$ = 0) representing the overtaking wave from z = --co along lines 
3’ = (n-/2k) + (r/k) V, (V = 0, 1, 2,..., p - 1) and q roots (corresponding to 
Q) = --b) initially at .T = log b, y  = (r/2) + W, (V = 0, 1, 2 ,..., q - 1). After 
interaction the asymptotic character of the motion is seen from (4.1), as 
T + a3 (corresponding to t -+ +a), to lead to v’” + 03 or 9 + -1. Thus 
in each period strip one again has p roots moving to z = + w along the same 
lines as before and q roots moving into final positions x = 0, y  = (n/2) + Z-V. 
Thus in these coordinates following the asymptotic motion of the overtaken 
wave, the whole line of dipoles overtaken undergo a shift backwards of 
amount log b. It by no means follows however that each root in each line 
behaves in this asymptotic manner, this is only a collective result. To get a 
clearer picture of the motion, it may be easiest to fix attention on some more 
easily analyzed value of k, in particular k = 2, as given in the next section, 
and then return to the more general considerations here. 
Next, one may ask if the roots remain distinct or do “collisions” occur. 
Since the induced velocities of the motion of any zero vary in magnitude 
inversely as the square of the distances, a necessary and sufficient condition 
for the (anywhere in the v  plane except at v  = 0) confluence of two or more 
zeroes is dT/dcp = 0. Differentiating (4.1) one obtains: 
dT -= k 9-+-l 
4 
- - 2 (9 + b1/2)2. 
b (1 +v) (4.2) 
Thus collisions can occur if and only if a root of F moves across the real axis 
at the point v  = -b rj2. But for q real equation (4.1) defines a real value of T; 
hence for those values of k for which a positive real value of T is obtained the 
time and location of the collision is determined. For those k for which T < 0 
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collisions are absent (since only T > 0 corresponds to t on the interval --co 
to +oo). Further from the form of (4.2) it is apparent, since y = -ZW is a 
double root for dT/dp, that when a collision occurs it must be triple with 
each root moving into the collision point along lines 120” apart, since (4.2) 
implies in the neighborhood of the collision that the local behavior is given by 
I/ = ( -e)1/s, where $ = +W2 + r+~ and 0 = T + ( -b1/2)P-1. Further the 
same local behavior must hold in the x-plane with t as parameter since 
the mapping from p to z and T to t are each analytic, hence the mapping 
from 9 to x is conformal. 
There remain certain symmetries of the motion that are easy to obtain. In 
particular for rational k, there should be a line of symmetry down the middle 
of the period strip in the x-plane. Along such a line one of the roots could 
conceivably move in a straight line parallel to the real axis. To investigate this 
possibility, let k = p/q, (p, 4 integers, in lowest terms) then translate the real 
axis by setting v = #e i*n and substituting into (4.1). Three distinct cases 
arise. Case one: (4 even, p odd) T = #“!“(l -+ (l/b) #)/(l + 4) defines a 
straight path for all real # > 0 as T varies from 0 to +co. Case two: (q odd, 
p even) T = -$P’*(l -(l/b) $)/(I - #). Positivity of T demans the restric- 
tion of I/ to the interval [l, b]. This corresponds to the overtaken root in the 
z-plane simply dropping back from z = log 6 to z = 0. Case three: (q odd, 
p odd) T = +V!*(l - (I/b) t/)/(1 - 4). Here positivity of T demands 
0 < I,% < 1 or Z/J >, b. This corresponds to an overtaking root terminating 
its motion as t --+ + co at z = 0, while the overtaken root starts up at z = log b 
and advances to +co as t varies from -cc to +co. All three such straight 
paths are illustrated in Fig. 3. 
5. ANALYSIS OF THE ~VIOTION FOR THE CASE k = 2 
For this case, it is convenient to translate the real axis by r/2, namely set 
v = ,i(77/2, I,$ so the basic equation becomes 
(1 - $> T + #2(1 - (l/Q $) = 0. (5.1) 
This is seen to be case two of the previous section. This cubic has three roots, 
one of them real. Let I/J = p denote the real root. It is related to T by 
T = P2c1 - hp> 
p-1 ’ 
so as p varies from 9 down to 1, T increases from zero to infinity corresponding 
to t varying from -cc to + co while the real root drops back from z = In 3 
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down to 0. That (5.2) really defines p as a monotone function of T is seen from 
the derivative 
dT 2P (P - -= 3)’ -- 
dP 
< 0 
9(p ’ 
1 <p<9. (5.3) 
To obtain the two complex roots of (5.1) divide by # - p to obtain 
P + (P - 9) Ifr + CP(P - 9) + 9Tl = 0. (5.4) 
As p and T are real, the roots must be conjugate complex so denote one of 
them by I+G = r + is, (r, s real) whence 
9-p )‘=-, 
2 
St? =(9 - PI (P - 3Y 
4(P-1) . 
(5.5) 
From this relation, it may be seen, keeping in mind the character of p(T), 
that as T increases from 0 to clj s increases while r decreases. As T - 3, 
however, s--f 0 and r + 3; both roots cross the real axis. Moreover as 
drldp = - 4 and dpldT -+ cc as T -+ 3, the point p = 3 is indeed a common 
point of collision of all three roots. As T continues to increase beyond T = 3, 
the value of s increases asymptotically to cc as T + co, p - 1, and r --f 4. 
The behavior of the motion of all three roots in the #-plane is shown in Fig. 1. 
FIG. 1. Motion in #-plane, k = 2. 
It only remains to relate the motion of the three roots as found in the ($, T) 
or (rp, T) plane to the original variables (a, t). From the behavior near the 
collision point and the asymptotic behavior already discussed in section 4, it 
follows from the continuity of the mapping that the motion is as shown in 
Fig. 2. 
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I CASE h=2 
FIG. 2. Motion in z-plane. 
6. SOME ASYMPTOTIC FORMULAS FOR GENERAL k 
To gain a more detailed picture of the motions for general k, one may argue 
from general continuity considerations, since v(T; k) as defined by (4.1) is 
continuous in k. This is facilitated by expanding about the limiting states of 
t---f --oo and t - +a. In this section, set Q) = peie, (where p here is not 
identical to the p in Eq. (5.2)). Let 0, be the limiting asymptotic direction 
found for any given typical root (distinguished by the notation et’, if needed, 
for the rth root). Set 0 = 0s + E, where E is the asymptotic departure of the 
direction of motion from the line B0 = constant in the v-pIane. One obtains 
for snzall p (p---f 0): 
E = p[4/(k + l)*] sin 8,; 
while for large p (p - CO): 
p = (bT)l/” 
These espressions show that the correspondence is p--f 0 as T - 0 or 
t --f -CD; p ---f co as T -+ cc or t -+ + cc hence these give the asymptotic 
behavior of the faster or overtaking wave singularities. 
To find the asymptotic behavior of the overtaken wave singularities note 
that T --, 0 in Eq. (5.1) can be realized by v  - --b, and T - c;c) can be 
344 1%'. R. THICKSTUN 
realized bv q + - 1. As before expand about each of these asymptotic states 
setting 91 = vO + 6, so that near p),, = 4: 
8 = b - ’ eio2T 
Jci ’ t$ = -kr - 2kn.v 
where v is any integer. For the other state near vO = -1: 
6 - l - b e-ie2 1 
b -T 
From these asymptotic expressions, one can transform back to the original 
variables Z, t and answer from this knowledge of the asymptotic behavior 
such questions as does a given advancing dipole start to deviate from its 
linear motion by moving initially up or down ? Does an overtaken dipole 
start at x = log b and move to the right, or to the left ? Rather than pursue 
these straightforward but tedious details here a summary of the results are 
presented in Fig. 3 for several values of k. 
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FIG. 3. Paths for various k. 
7. CHANGE IN NATURE OF THE INTERACTION WITH DECREASING k 
While it is interesting to note various details associated with each value of 
k, the dominant distinction is the difference in nature between large k and 
small k. For large k, few of the singularities interact; most of the dipoles of 
the overtaking wave simply slip through the pattern of overtaken dipoles. 
For small k, however, most are stopped and the motion exchanged to the 
overtaken set. A symbolic last limiting case for k = 1 is shown as a last 
drawing of Fig. 3 to illustrate this. It is of interest to compare this behavior 
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with that given by Lax [6]. He has discussed the interaction by analyzing the 
number of maxima for the interacting wave forms and finds a division into 
these same two types, but in addition finds a transition type in between. The 
analysis given here does not exhibit such a sharp division into three types, but 
rather a more gradual change over from the one extreme of unbroken paths to 
the final extreme of all paths broken. 
Proceed from large K to small K and observe the change in continuity of the 
paths with k. It should first of all be pointed out that the value of the function 
U(X, t) on the real axis, z = X, depends principally upon the dipoles nearest to 
the real axis hence the study of the continuity of the paths should be arranged 
by ordering the paths by increasing distance from the real axis. For the first 
path, corresponding to the motion of the first overtaking dipole, note that 
the path is unbroken for all k > 2. This path breaks at K = 2 as shown in 
Fig. 4. This path then remains broken for all R < 2. The path of the second 
overtaking dipole is unbroken for all k > 4. A collision appears at k = 4. 
The path remains broken for 4 > K > 2 but is mended again at K = 2. It is 
unbroken for 2 > K > 4/3. One by one the paths finally break, i.e., there 
exists a value of k depending upon v for which the first v paths are cut. 
FIG. 4. Nature of cases near collision. 
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